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Abstract. We present a geometric description of lepton flavor mixing and C'P violation in matter by
using the language of leptonic unitarity triangles. The exact analytical relations for both sides and inner
angles are established between every unitarity triangle in vacuum and its effective counterpart in matter.
The typical shape evolution of six triangles with the terrestrial matter density is illustrated for a realistic

long-baseline neutrino oscillation experiment.
PACS. 14.60.Pq, 13.10.4+q, 25.30.Pt

1 Introduction

Recent solar [1], atmospheric [2], reactor (KamLAND [3]
and CHOOZ [4]) and accelerator (K2K [5]) neutrino oscil-
lation experiments have provided us with very convincing
evidence that neutrinos are massive and lepton flavors are
mixed. In the framework of three lepton families, the phe-
nomena of flavor mixing and C'P violation are described
by a 3 x 3 unitary matrix V', which relates the mass eigen-
states of three neutrinos (v1,va,v3) to their flavor eigen-
states (Ve,Vy, Vr):

Ve Ver Vea Ves 21
Vy | = ‘/ul Vu2 ‘/;¢3 Vo . (1)
Vr VTl V7'2 VT3 V3

No matter whether neutrinos are Dirac or Majorana par-
ticles, leptonic CP and T violation in normal neutrino—
neutrino or antineutrino—antineutrino oscillations depends
only upon a single rephasing-invariant parameter J [6],
defined through

In(Vai Vi, Vi Vi) = T Y (eapyeijn) - (2)
¥,k

where Greek and Latin subscripts run respectively over
(e, u,7) and (1,2, 3). A challenging task of the future long-
baseline neutrino oscillation experiments is to measure 7,
so as to establish the existence of C'P violation in the
lepton sector. In principle, a determination of 7 is also
possible from the four independent moduli |V,;| [7] whose
magnitudes can be measured in some C'P conserving pro-
cesses.
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The unitarity of V' implies that its nine matrix ele-
ments are constrained by two sets of normalization condi-
tions and two sets of orthogonality relations:

Z (VaiVai) = dap

3

D (ViVag) = bij - (3)

«

The six orthogonality relations define six triangles in the
complex plane, as first discussed in [8]. Six unitarity trian-
gles have 18 different sides and nine different inner angles,
but their areas are all identical to J /2. So far, some par-
ticular attention has been paid to triangles A3z [8] and A,
[9] shown in Fig. 1. Because current experimental data in-
dicate that V has a nearly bi-maximal mixing pattern with
|Ves| < 1, one can easily observe that three sides of Aj
are comparable in magnitude; i.e., [Ve1 V| ~ [V V| ~
[V V5| ~ 0.5. It is therefore possible to establish Aj
and determine its three angles [7], once its three sides
are measured to an acceptable degree of accuracy. In con-
trast, one side of A, is much shorter than its other two
sides; i.e., [Ver V| ~ [VeaViio| > [VesVj3]. To establish A,
needs much more precise data on its three sides, which
must be able to show [Ve1Vy5| + [VesViis| > [VeaVi| or
[VeaViis| + [VesVisl > [Ver Vil [9]. Such an accuracy re-
quirement is practically impossible to be satisfied in the
near future!.

1 To see this point more clearly, one may recall the Cabibbo—
Kobayashi-Maskawa (CKM) unitarity triangle of quark flavor
mixing defined by Vi,q Vg4 Vus Ve +Vus Vi, = 0, whose two sides
are much longer than the other one: |VuqViy| ~ |VusVis| >
|[Vus V|- Although the six CKM matrix elements associated
with this triangle have all been measured to a relatively good
degree of accuracy [24], it remains unable to show |V,q4V7y| +
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To measure J and |V,;| in realistic long-baseline ex-
periments of neutrino oscillations, the terrestrial matter
effects must be taken into account [10]. The probabilities
of neutrino oscillations in matter can be expressed in the
same form as those in vacuum, however, if we define the
effective neutrino masses 1m; and the effective lepton flavor
mixing matrix V in which the terrestrial matter effects are
already included [11]. In analogy to the definition of J in
(2), the effective C' P violating parameter J in matter can
be defined as

Im(VaivﬁjVijgﬁ = jZ(Eameijk) ) (4)
v,k

where (o, 8,7) and (4,4, k) run respectively over (e, u, 7)
and (1,2, 3). One may similarly define the unitarity trian-
gles in matter with the help of the unitarity conditions

Z (V;ivﬁi) = 5aﬁ )

(3

> (VaiVas) = 65

e}

()

For example, the effective counterparts of the triangles A
and A\, are denoted respectively by A and A,. Because
of the terrestrial matter effects, the shapes of As and A,
are likely to be dramatically different from those of Aj
and A,. It is then possible to have |1~/61\~/;1| ~ |‘~/821~/ﬂ*2| ~

|‘~/;3f/;3| for some proper values of the neutrino beam en-
ergy. If this speculation is right, one will be able to calcu-
late J by using three sides of A,.

VupVeb| > [Vus Ves| or [Vus Ves| + [V Vip| > [VuaVea| — namely,
the area of this triangle (or C'P violation) cannot be established
from its three sides at present

The purpose of this article is to carry out a systematic
analysis of leptonic unitarity triangles in matter. We shall
derive the exact analytical relations between |V,;|?> and
\Vm‘ |2 for a constant matter density profile. The sides of A;
(for i =1,2,3) and A, (for a = e, s1, 7) can then be linked
to those of A; and A,. The inner angles of A\; and A,
will also be calculated in terms of the inner angles of A\;
and A,. In addition, we shall discuss the matter-modified
rephasing invariants of V' (such as J and the off-diagonal
asymmetries of V) and illustrate the typical shape changes
of A; and A, with the neutrino beam energy in a long-
baseline experiment. Our results are expected to be very
useful for a complete study of lepton flavor mixing and
CP violation in the era of precision measurements.

The remaining parts of this article are organized as
follows. In Sect. 2, we outline the master formulas to derive
m; and V' in terms of m; and V. Section 3 is devoted to the
calculation of |V,;|?. The analytical relations between the
inner angles of A; (or A,) and A; (or Ag) are presented
in Sect.4. Sectionb is devoted to illustrating the shape
evolution of A; and A, with the matter density. Finally,
a brief summary is given in Sect. 6.

2 Framework

In the flavor basis chosen in (1), the effective Hamiltonians

responsible for the propagation of neutrinos in vacuum

and in matter can respectively be written as

mi
Vi,

2

3

H=— |V

0 0

2

5% 0 m3 0
0 0 m
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] m2 0 0
H=_—=|V|om2o |V]; (6)

2F o

0 0 m3

and their difference

a00
H—-—H = 000 (7)

000

signifies the matter effect [12], where E denotes the neu-
trino beam energy, a = v2GrN, measures the charged-
current contribution to the v.e™ forward scattering, and
N, is the background density of electrons. In writing out
the expression of H, we have assumed that the matter den-
sity profile is constant (namely, N. = constant). Such an
assumption is actually close to reality for most of the pro-
posed terrestrial long-baseline neutrino oscillation experi-
ments [13]. In order to establish the analytical relationship

between V,; and V,;, we define the two quantities

Pag = 2E’Ha5 ,
Gop = 2E)? H ™' det H (8)

in vacuum and their effective counterparts

Pap = 2EHap
dus = (2E)* H ' det 1 (9)

in matter [14], where the subscripts o and § run over
e, o and 7. The determinants of # and H in (8) and
(9) are simply detH = m%m2m3/(2E) and detH =
mim3m3/(2E)%. n terms of m7 (or m7) and V.V, (or

Vangi)’ one can obtain

3
Dap = Z (mVaiV3i)

i=1

paﬁ - Z (m?f/fm y *z) ’ (10)
i=1
and
13
lop = 5 > (mimiVarVinel)
k=1
13 -
qaﬁ 9 (mfm? akvﬁkezgk> (11)
k=1

Although the exact analytical relations between f/m and
Vai have been derived in [11], they are not simple enough
to calculate V,,; Vj; (or Vi; V), which are directly relevant
to the leptonic unitarity triangles in matter. Hence we
shall establish the relations between Vm-Vﬁ*i and VMVB*,i in
a different and simpler way. Our strategy is as follows:
first, we express V,;V}; in terms of (p,4,4,5) and VaiVj;

145

in terms of (P, 3, d,p); second, we find out the relationship
between (p,3.4,s3) and (paﬁ,qaﬁ) finally, we derive the
direct relations between VMV& and VMV*

Equations (3), (5), (10) and (11) allow us to express
ViV in terms of (paﬁ,qaﬂ) and f/mffﬁ*i in terms of
(ﬁag,qaﬁ). To see this point more clearly, we introduce

the coefficient matrices O and O:

1 1 1
O=| m?¥ mi m3 ;

mm2 m2m? m2m3

1 1 1
A ~ 2 ~2 ~ 2
O=| miy m5 m3 (12)
~2-92 ~9~92 ~92 -2
23 MMz mimy

Because the three neutrino masses are not exactly degen-
erate, the inverse matrices of O and O exist. Then one can
obtain

Var Vi, Sus
VsV | =07 [ pas |

VasVi Gous

‘:/al‘:/g*l B 6aﬁ

VooV | =07 [ s (13)
Va3vﬁ*3 éjaﬁ

Taking account of (6) and (7), we find that (p, 4, q,5) and
(Pops Gap) are connected with each other through

100
ﬁo&ﬁ = pa,@ + A 000 5
000
0 0 0
qozﬁ = qaﬁ +A10 Prr _pT/J, ’ (14)
0 “Pur Pup
where A = 2Fa. A combination of (13) and (14) will lead

to the direct relations between VMV;l and Vq;Vj;, as one
can see in the subsequent sections. The usefulness of (10)—
(14) for discussing the matter-induced properties of lepton
flavor mixing and C'P violation has partly shown up in the
literature (see, e.g., [7,14-16]) and will be further demon-
strated in the following.

It is worth mentioning that the generic results obtained
above are only valid for neutrinos propagating in vacuum
and in matter. As for antineutrinos, the corresponding
formulas can straightforwardly be written out from (6)—
(14) through the replacements V— V* and A — —A.

3 Moduli (o = 3)

We first derive the relations between |Vy|? and [V;|? by
taking o = 3 for (13). Once (14) is taken into account, we



146

may concretely obtain

\‘:/el\Q ) Ve )
Va2 | = 0710 | |Vio|? | + AO™H
[Ves|? |[Ves]?
Val\ (vl
Vel | =070 [ |Ve? | + AOT'T
|V,u3‘2 |Vu3|3
“:/71‘2 B |VT1|2 5
V|2 | =070 | Va2 | + AO7'T
‘VT3‘2 |VT3|2
where T is defined as
0 0 0
T = 0 0 O
mi mj mj
In (15), the inverse matrix of O reads
y 1 m%A:%(m% + 113
= A A A Th%égl(m% + 13
1243234331 m%AIQ(m% + ’fh%
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o = O

|V7'1|2
|V7'2|2 )
|VT3|2

|V#1|2
|V#2|2
|Vu?>|3

» (19)

where A;; = m2 — m3. With the help of (3) and (5) as

well as the relationship [7]

we solve (15

Ver|? =

Vea|* =

Ves|? =

and

‘Vu1|2

“7#2|2

‘Vu3|2 =

=1 =1
and arrive at
) and arri
A31A21 2, A32A11 2,
3 == |Vaa|” + |Veal|” +

3121 12413
Budoyy, o, duday 3
Ap Az 2193
A23A13| Vigl? + 421A33| Va2 +
VAVEVASES 31432
Agy Ay Va2 + 432A11 Vl? +
Az Ay " 12413 "
AA
3 Aid |V7'2|2+Cl,

1241
A1 Az, 2 A1z 2
~ | p2 ‘ | H3‘
Ayp Ay Agy Ags

AA
3 Sl Ves|? 4+ Cy

2193
Agzys Vo2 Agy Ags 2
~—— Vs3] ~ Vial” +
Aoz Ass 31439

(18)

Ay Agy
ApAys
Az Az
Ay Agy
Az Ay .
Agy Ay

AAq3

|V‘rl |2
ANPYAYE

Adg

|V |?
A21A23

AA32

314332

|V‘r3|2

AA
= ; Ve l? +Cs ; (20)
31432
and
. Ay A Ass A AA
Vel = 2 Vo o 22 VP o+ =2V
Az Aoy 12413 12413
AA
+ — 33 |V,u2|2 +Cl 3
12413
. A A A A AA
|V7—2‘2 12 32| T |2 13 22| T |2 21 |V |2
12435 Ag1 Agg Ay Agy
AA
31 |V |2_~_C2’
AglA
~ AgsAyg A21A33 AA32
Vosl® = === |Vos|* + Val® + [Vius|®
Ags Ay 31432 31432
AA
2 Va2 +Cs (21)
Az1 Az
where A;; = m? —m3, A\ij =mj —m3, and
o, = 7A31A23 + 331232 + 331233
Apdis ’
Cy = _A12A31 + Ao A3+ Ap Ay
Ay Ag ’
Cy— Az Arg + A3 Aoy + Aoz Ags (22)
Az Ay

In Appendix A, we list the explicit expressions of A~ij and
A;; in terms of A;; and A. It is then possible to evaluate
the deviation of |V,;|? from |V,;|? by using the formulas

obtained above. Of course, |\~/m-\2 = |Vail? holds at the
limit A — 0 or £ — 0.
Two sets of normalization conditions given in (5) allow

us to define two off-diagonal asymmetries of V:

AL = [Veol® = [Via? = [Vis|? = [Veal® = [V ] — [Ves|?
Ar = |Vea* = [Vis]? = Vi | = [Viol? = |[Vas|? = [Vaa|?
(23)

They can straightforwardly be calculated by using (19),
(20) and (21). Comparing between Ap, (or Ag) and its
counterpart Ay, (or Ag) in vacuum, we may examine the
matter effect on the geometric structure of V. In particu-
lar, the six matter-modified unitarity triangles will reduce
to three pairs of congruent triangles [17], if AL = 0 or
Ag = 0 holds.

The sides of six unitarity triangles can also be obtained
from (19), (20) and (21). If the three sides of a specific
triangle are comparable in magnitude, one may use them
to calculate the area of this triangle — namely, the C'P
v101at1ng invariant 7. Indeed, J is given by

= |Vai [V Vo Vil

1 - - - -
— 5 (T 1l 1V + Vs 21Vl

: (24)
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- - - - 2
—Vail> = Vi[> = Vo I — |Vf“|2) ’

in which o # @ running over (e, u,7) and @ # j running
over (1,2, 3). The implication of this result is obvious: im-
portant information about leptonic C'P violation can in
principle be extracted from the measured moduli of four
independent matrix elements of V.

4 Angles (a # 3)

Now let us focus our attention on the inner angles of six
unitarity triangles. There are only nine independent an-
gles, which appear either in triangles A, , ~ or in triangles
A1q2.3 (see Fig.1 for illustration). Hence it is only neces-
sary to consider (A, Ay, A;) and their effective counter-

parts (Ae,A AT) in the calculation of nine angles. To

be specific, an inner angle of A, or A, (for a = e, p or 7)
can be defined as

o= s

Pap = o < Vaj VEj) 7

iy Vo Vi

o= arg | - =P 25

ot g( Vaj‘%) )
where (a, 3) run over (e, u), (u,7) and (7,e), and (i, )

run over (1,2), (2,
(4), we obtain

3) and (3, 1). Taking account of (2) and

cot (baﬂ = ?Re (VMVMV* Vﬁz) ,

cot ¢4, = 3Re (Vs Vi VsV - (26)

Note that J and J are related with each other through
the equation [18]

TA12A13003 = TA1pA13405 . (27)

In order to link cot q~$l to cot q&fw via (26), we need to
find out the relatlonshlp between Re(Vi Vs, Vi, Vﬂz) and
Re(Vai Vi, Vi Vi)-

For o # ﬂ, (13) and (14) yield

ld

*
V,U. 1

1
2V 2
2

_
=
S

=
!
o*

=
!
E*

—
3
Ao

[
1
o

(28)

t S'S'm 2 Stﬁrm 2
w
2 v
o

II<
A

z~‘<r
[N

Vu 1 V'r*l
Vu2 Vr*z )
VisVrs

V2V — AO7'T

Ve

Ve

v

Ve

=070V,

Ve

v

v

VugV 3 Vi

%4
1 VT 1
V‘r 2
3 V‘r*3
v
v
v
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where T has been defined in (16). With the help of (17)
and (18), one may solve (28) and obtain the matter-
induced corrections to VmVﬁZ Three sides of the effective

unitarity triangle A, A or A, are then given by

Aoy Agy

- AL A
V V = o~ el IJ«l + ‘~11 ~32 VeQ :2 9
A21A31 A12A13
. Az A Qg A
‘/EQV:Q — ~32 ~21 eQV:2 22 ~31 VeS :3 9
A32A21 A12 23
o Az A Agz A
‘/63‘/;3 _ Saa Ve3Vu3+ 33421 V., :1 (29)
A13A23 13A23
for A,; and
. A A ApA
V‘rl‘/e*l = ~21 ~31 VTl e*l + ~11 "’32 VTQ 6*2 ’
A21A31 12A13
o Agp A A A
Vol = S22, + S22y
32421 12423
o Az A Az A
VgVt — 13423 SV + 33421 Vv (30)
13423 13423
for A ; and
o Aoy + A)A A+ A)A
. MV cpBut Dy, L
A21A31 A12A13
o Agp + A)A Aoy + A)A
i, = Bt ey T*2+MV,13 o
A32A21 A12A23
- Az + A)A Ass + A)A
757 — MV g4 ButDAny,
A13,A23 A13A23
(31)
for A,. Tt is remarkable that (29), (30) or (31), together

with (2) and (4), can be used to derive (27). The relation-
ship between Re(VngJV* Vﬁz) and Re(VaiVi;Va; Vi)
can also be derived from these equations. Then we are
able to establish the direct connection between cot qujﬁ
and cot qﬁfjﬁ.

Comparing between the definition of (;Sifﬁ and the
simpler notation of mne inner angles in Flg 1, we have

31
/1 = %T, £2 = 6B, /3 = ¢, /4 = </>Te, /5 = ¢,
26 = @3l LT = 9L, /8 = ¢zz, 49 = ¢2),. One may use

the similar notation (Z1, - - -, Z9) to replace (;;Zfﬁ for the

matter-modified unitarity triangles. Therefore,

(Asy + A)(Agy + A)

AgpAgy

n (A1 + A)(Ag + 4)
Ay

n (A21 + A)(Azz + A)Ay3
A Ag Ay

(At Ay + 4)

JAz1412

cot /1 = cot /1

cot £2

cot £3

|VM2V:2|2 ’
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Table 1. Numerical illustration of the terrestrial matter~effect A\gzﬁggAQl /4 A\QQAAB Voals |2
on nine inner angles of six effective unitarity triangles (Ae . - + NoaAear A + ~ [VsVisl”
5 . : : A . 23431423 12423
and A12,3) in a long-baseline neutrino oscillation experiment, AA AA
where v stands for neutrinos and 7 represents antineutrinos cot 76 — 2R3 L4 6 i 11433 4y (33)
Angle V=V E=1GeV E=2GeV E=3GeV Ajlél?’ 31481
~ ° ° ° A1 A3A Ag1 A
7 166.9° 143.3O (Z) 104.9O (Z) 73.4O (i) 4 Sndfisfse o os  S21433 |VT1VE*1|2 :
141.2 (l/) 119.0 (l/) 103.2 (l/) A12A31A31 jAQg 31
% - 35.5° (v)  TA5° (v)  106.1° (v)  and
' 0.8° (V) 0.4° (V) 0.2° (V) “ “ -
73 9.9° 1.2° (v) 0.6% (v) 0.5° (v) cot 7 = ALém cot /7 + AL%M cot /8
' 38.1° ()  60.7° (¥)  76.6° (¥) AgpAgy VASDYARE!
-~ . 18.4° 37.6° 53.3° Ao Mgy A A A
74 6.6 W) "W @) e R4 e S VAN B
12
19.4° (v) 30.5° (V) 38.4° (V) Apg Aoz Ay T Az A +
~ 72.2° (v) 52.7° (v) 36.9° (v)
Z5 88.1° ~.  ApA
89.6° ()  89.8° ()  89.9° (7) cot 28 = =B ot /8 + % cot 29
76 8540 89.4° (v) 89.7° (v) 89.8° (v) Aj?’Aj’? A23A33 N
: ° (p ° (p ° (p AggAgs A Ago A
71.0° (D) 59.7° (D) 51.7° (D) 4 as2dssfda o0, 422413 |V83V:3|2
0z 6.6° 18.4° (v) 37.6° (v) 53.3° (v) Aoz A31A93 12493
' 19.4° (7) 30.5° () 38.4° () - Ao Ars Ay Ass
- i 72.2° (1) 52.7° (v) 36.9° (1) cot /9 = ——— cot L9 + ——=— cot L7 (34)
8 88.1 o o o 21413 31431
89.6° (7)  89.8° (W)  89.9° (¥) A AA i
o gsqo 8947 () 89T (v)  89.8° (v) MZI3792 ot /8 + —253% |y v 12
' 71.0° ()  59.7° (¥)  51.7° (D) A2 A31 A5 J A3 Az
These exact analytical results clearly show how nine inner
angles of six unitarity triangles get modified by the matter
» (AA13 +A)(AA32 + A) effects.
cot L2 = — cot /2
A13A32
L Bt A)(Apnt+d) oo 5 lllustration
Ap3Ags
A V(A A We proceed to numerically illustrate the matter effects on
+ (As2 + A)(As3 + A) Az cot /1 the shapes of six unitarity triangles, the rephasing invari-
Ag 3A31A23 ant of C'P violation, and the off-diagonal asymmetries of
(Aogy + A)(Ars + A) o V. In view of current solar [1] and atmospheric [2] neuztrino
+ A A ViusVis|™ oscillation data, we typically take Ay ~ 8 x 1075 eV~ and
T A1240; Agp ~ 2.3 x 1073 V2. We also take 015 &~ 33°, 03 ~ 45°,
~ (Ay + A)(Ars + A) f13 ~ 3° and § =~ 90° in the standard parametrization
t /3 = t /3
o o Aoy A13 o of V [7]. Tt is unnecessary to specify two Majorana-type
CP violating phases of V' in our calculations, because they
+ (AU + A)(A33 +4) cot /1 play no role in the configuration of leptonic unitarity tri-
As1Agy angles [19]. The inputs taken above lead to J =~ 0.012,
Ap = 0.147 and Ar ~ —0.203. This means that V is
(411 + A)(A13 + A)Aszy . . . .
+ cot /2 asymmetric both about its Ve1-V,0-V;3 axis and about its
A12A31A31 Ves—V,0—V71 axis, and the area of each triangle is about
(Agy + A)(Ass + A) ViV 2 (32) 8 times smaller than its maximal limit (i.e., J = 1/(6v/3)
~ el s 6]).
Ags A g [
d J Anda For a realistic long-baseline neutrino oscillation exper-
an iment, the dependence of terrestrial matter effects on the
_ A ) AAgl 311 " neutrino beam ener2gy can approximately be written as
cot /4 = 32228 ot /4 + - t /5 A ~2.28 x 107*eV?E/[GeV] [13]. This approximation is
FARYALS VASPYARE! reasonably good and close to reality only if the baseline
Qg1 Ago s Ay Asy i} length is about 1000 km or shorter [20]. Of course, V =V
+ m cot £6 + ﬂ‘vﬂveﬂ? ) holds in the limit of E = 0 or A = 0. Typically taking
12723212 N ‘Z 31212 E = 1GeV, 2GeV and 3GeV, we calculate the sides of
~ AysAsy AgpAss six effective unitarity triangles in matter and show the
oot £5 = A13A32 cot £5 + A23A23 t 26 changes of their shapes in Figs.2-5. The corresponding
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E =3GeV
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E=1GeV E=2GeV E=3GeV

Fig. 2. The shape evolution of three effective unitarity trian-
gles (A1, A2, Ag) with the beam energy of neutrinos (+A and
V) in a realistic long-baseline oscillation experiment, where
S, = |VaiVaj| (for o = e,p,7 and 4,5 = 1,2,3) has been
defined

Fig. 4. The shape evolution of three effective unitarity trian-
gles (Ae, Au, Ar) with the beam energy of neutrinos (+A and
V) in a realistic long-baseline oscillation experiment, where
Sils = |VaiVji| (for i = 1,2,3 and o, 8 = e, p,7) has been
defined

E=1GeV E=2GeV E=3GeV

E=1GeV E=2GeV E=3GeV

Fig. 3. The shape evolution of three effective unitarity tri-
angles (AhAz,Ag) with the beam energy of antineutrinos
(—A and V") in a realistic long-baseline oscillation experiment,
where S%, = \f/mf/;]\ (for « = e,p, 7 and 4,5 = 1,2,3) has
been defined

3
Sen

V=V E=1GeV

E=2GeV

E=3GeV

Fig. 5. The shape evolution of three effective unitarity tri-
angles (Ae,Au,AT) with the beam energy of antineutrinos
(—A and V™) in a realistic long-baseline oscillation experiment,
where Séfﬂ = \me/gJ (for ¢ = 1,2,3 and o, 3 = e, u,7) has
been defined
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results for nine inner angles of A, , ; or A3 are pre-

sented in Table 1, and the numerical dependence of T, AL
and Ar on F is illustrated in Fig. 6. Some comments and
discussions are in order.

(a) The smallness of 13 (or |Ves|) makes one side of A; or
A strongly suppressed. When the terrestrial matter effect
with £ > 1GeV is taken into account, three sides of Al
and Aj become comparable in magnitude for neutrinos
(+A and V); or three sides of Ay and A3 become com-
parable in magnitude for antineutrinos (—A and V*). As
a consequence of matter corrections, the shortest side of
Ng (ie., 831 = V.3V | at A= 0) turns out to be shorter
for neutrinos; so does that of A, (i.e., 23 = |V,oVj5| at
A = 0) for antineutrinos. We find that the shape of Ag
is relatively stable against matter corrections, no matter
whether the neutrino beam or the antineutrino beam is
concerned.

(b) Similarly because of the smallness of 613 (or |Ves|),
one side of A, or A, is strongly suppressed. The terres-
trial matter effect becomes significant for £ > 1GeV. In
this case, three sides of A“ and A, are comparable in
magnitude for either neutrinos (+A and V') or antineu-
trinos (—A and V*). An interesting feature of A, is that
its side 522 = |VM2V72| is dramatically sensitive to matter
COI“I"eCthIlb and becomes very short for neutrinos, while
its side S)1 = |V, V| may significantly be suppressed
by matter effects for antineutrinos. One can see that the
shapes of Au and A, are relatively stable against matter
corrections, no matter whether the neutrino beam or the
antineutrino beam is concerned.

(c) Note that the input 25 ~ 45°, which is well favored by
current atmospheric neutrino oscillation data [2], results
in |Vu| = |V5| (for @ = 1,2,3). Hence triangles A, and
A are congruent with each other; so are their eﬁectlve
counterparts A and A,. This accidental result has actu-
ally shown up in Flgs 4 and 5. From the phenomenological
point of view, it makes sense to measure 53 accurately and
to examine its possible deviation from maximal mixing
(i.e., 23 = 45° exactly), so as to explore the underlying
u—7 flavor symmetry and its geometric manifestation in
leptonic unitarity triangles.

(d) Table1 is helpful for us to understand the terrestrial
matter effect on nine inner angles of six unitarity trian-
gles. One can see that £6 and £9, which happen to be
identical as a consequence of A3 = 45°, are relatively sta-
ble against matter corrections. In contrast, /2, /3 and /4
are rather sensitive to matter corrections.

(e) No matter how the sides and angles of six unitarity
triangles change with the matter effect, their area (7 /2)
is in most cases smaller than that in vacuum (J/2). This
unfortunate feature, as shown in Fig. 6, makes it hard to
directly measure leptonic CP or T violation in any re-
alistic long-baseline neutrino oscillations. If the neutrino
beam energy is small (e.g., about 1 GeV or smaller), the
matter-induced suppression of 7 is not significant. In this
case, a study of leptonic C'P violation and unitarity trian-
gles in a medium-baseline neutrino oscillation experiment
seems more feasible [21].
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S

0 0.5 1 1.5 2 2.5 3
E (GeV)
Fig. 6. Terrestrial matter effects on 7, A and Agr for neu-

trinos (v with +A and V') and antineutrinos (7 with —A and
V*) in a realistic long-baseline oscillation experiment

(f) The matter effect on two off-diagonal asymmetries of
V is also illustrated in Fig.6. One can see that AL ~ 0
is a good approximation, when the beam energy of an-
tineutrinos satisfies £ > 1GeV. In this interesting case,
one may approximately arrive at A, = A, A# >~ A, and
A, = As. Such a result can also be seen from Figs. 3 and
5. The possibility for Ar ~ 0 may appear only when the
beam energy of neutrinos is around E =~ 0.2 GeV, as shown
in Fig. 6. These results are certainly dependent upon our
inputs. Therefore, they mainly serve for illustration.
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In practice, the reconstruction of a unitarity triangle
requires a series of measurements, which can be done in
both appearance and disappearance neutrino oscillation ex-
periments. More detailed analyses in this respect can be
seen from [9] (see also [22]), where the central attention
has only been paid to the triangle A, and its effective
counterpart A,. A similar analysis of the other triangles
is expected to be very lengthy and will be presented else-
where [23]. As we have emphasized, it is possible to estab-
lish leptonic C'P violation by means of the precise experi-
mental information about the sides of six unitarity trian-
gles. In this sense, the geometric approach described here
may be complimentary to the direct determination of C'P
violation from the measurement of probability asymme-
tries between v, — v and Uy — Ty (for a # 3 running
over e, i, 7) oscillations.

6 Summary

Considering the lepton flavor mixing matrix V' and its ef-
fective counterpart V in matter, we have carried out a
systematic analysis of their corresponding unitarity trian-
gles in the complex plane. The exact analytical relations
between the moduli |V,;| and |V,;| have been derived. The
sides and angles of each unitarity triangle have also been
calculated by taking account of the terrestrial matter ef-
fect. We have illustrated the shape evolution of six ef-
fective triangles with the beam energy of neutrinos and
antineutrinos in a realistic long-baseline oscillation exper-
iment. Matter corrections to the rephasing-invariant pa-
rameter of C'P violation and the off-diagonal asymmetries
of V have been discussed too.

We expect that this complete geometric description of
matter-modified lepton flavor mixing and C'P violation
will be very useful for the future long-baseline neutrino
oscillation experiments, although it remains unclear how
far our experimentalists will go in this direction. We admit
that how to experimentally realize the proposed ideas and
methods is certainly a challenging question. However, it is
absolutely clear that the measurement of leptonic C'P vio-
lation must be a top task of experimental neutrino physics
in the coming years or even decades. Let us recall what has
happened in the quark sector: C'P violation and one uni-
tarity triangle (defined by Vi,V + VeaVy + ViaVy; = 0
in the complex plane) have been established at KEK-B
and SLAC-B factories, and a further study of the other
five triangles will be implemented at LHC-B in the near
future. Thus we are convinced that similar steps will be
taken for an experimental determination of leptonic C'P
violation and unitarity triangles in the era of precision
neutrino physics.
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Appendix A:

In the assumption of a constant earth density profile and
with the help of the effective Hamiltonians given in (6),
one may calculate the matter-corrected neutrino masses
m; in an analytically exact way. The relevant results have

been presented in [10,11], from which both ANZ-J- =m? —fn?

and AAZ-J- =m? - 7h§ appearing in (19)—(22) and (29)—(34)
can straightforwardly be read off. Explicitly, we have

Ay = %\/xzf?)y\/?)(lfz?) ,

Auy = /a7 =3y 32+ V3T )]

~ 1
Ap =3Vt =3y [3: - V30— (A1)
and
- 1 1
= —— - 2 _ — 22
322:—1517"‘1 x2—3y |:Z_ 3(1_22):|+A21
3773 ’
~ 1 2
Aszz = 3%~ gzm + Asy ; (A.2)
together with
Agy = Agy + Ay,
Az = Ag1 + A1r
Azg = Agg + Agg (A.3)

where A;; = m? — m?, and z, y and z are given by
r= Ay + A3 + A,
y = A1 A1 + A[Ag1 (1= [Veol?) + Az (1= [Ves?)]

1 2.’1,‘3 - 9.Z‘y + 27AA21A31 |‘/;1 ‘2
— arccos 3/2
3 2 (22 — 3y)

Z = COS

with A = 2Fa being the matter parameter.
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